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Abstract
Global One–Dimensional Quantum General Relativity is the toy
model with nontrivial field theoretical content, describing classical
one-dimensional massive bosonic fields related to any 3 + 1 metric,
where the dimension is a volume of three-dimensional embedding. In
fact it constitutes the midisuperspatial Quantum Gravity model.
We use one-particle density operator method in order to building
macrostates thermodynamics related with any 3 + 1 metric. Taking
the Boltzmann gas limit, which is given by the energy equipartition
law for the Bose–Einstein gas of space quantum states generated from
the Bogoliubov vacuum, we receive consistent with General Relativity
thermodynamical degrees of freedom number.
It confirm that the proposed Quantum Gravity toy model has well-
defined classical limit in accordance with classical gravity theory.
∗E-mail to: glinka@theor.jinr.ru , laglinka@gmail.com
1 Introduction
The toy model – Global One–Dimensionality proposal in Quantum General
Relativity – considered in my last topical papers [1, 2, 3, 4, 5, 6], is a nontrivial
quantum field theoretical model describing one dimensional classical massive
bosonic fields related immediately to 3+ 1 decomposed metrics according to
standard the Dirac–ADM approach in General Relativity. For construction
of the model elementary quantum field theory methods, as field quantization
by the Fock second quantization method and the Bogoliubov–Heisenberg
diagonalization procedure, are used. In fact this simple type divagations
constitutes a new and nontrivial midisuperspatial Quantum Gravity model,
which results in space quantum states conception and unique connection
between quantum correlations and physical scales of the system.
This paper is devoted to consider an application of one-particle density op-
erator method in order to building thermodynamics of quantum macrostates
related with any 3+1 decomposed metric of General Relativity. Macrostates
in the Quantum Gravity model are given by the Bose–Einstein gas of space
quantum states. The self-consistence with General Relativity is achieved by
the classical limit – the Boltzmann gas limit of the macrostates thermody-
namics, which is given by the energy equipartition law for classically stable
phase of the Bose–Einstein gas of space quantum states generated from the
Bogoliubov vacuum. The classically stable phase is defined by appropriate
limit of quantum correlations for infinite number of vacuum space quantum
states. In result we obtain classical degrees of freedom number which equal
to number od space-time coordinates used in General Relativity.
The content of this paper is as follows. In the section 2 I recall the cru-
cial elements of the Global One–Dimensional model of Quantum Gravity.
There is present shortly a way from the Einstein–Hilbert General Relativity,
by 3 + 1 Arnowitt–Deser–Misner decomposition of metric and the Dirac pri-
mary quantization of the Hamiltonian constraint which lead to the Wheeler–
DeWitt theory of quantum geometrodynamics, till my supposition about
Global One–Dimensionality and field theoretical content of the Wheeler–
DeWitt model. The section 3 is devoted to presentation of the main point
of this article, that is macrostates thermodynamics and its classically sta-
ble limit. We use one-particle approximation. It is shown that the Boltz-
mann gas limit for classically stable configuration of the Bose–Einstein gas
of macrostates generated from the stable Bogoliubov vacuum, leads to ther-
modynamical degrees of freedom number which is consistent with General
Relativity.
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2 Global 1D Quantum Gravity
The classical gravity theory – General Relativity – describes 4-dimensional
pseudo–Riemannian [7] differentiable manifold (M, g) defined by metric gµν
and coordinate system xµ = (x0, x1, x2, x3), and characterized by the Christof-
fel connections Γρµν , the Riemann curvature tensor R
λ
µαν , the Ricci curvature
tensor Rµν , and the scalar curvature R [8, 9]
ds2 = gµνdx
µdxν , Γρµν =
1
2
gρσ (gµσ,ν + gσν,µ − gµν,σ) (1)
Rλµαν = Γ
λ
µν,α − Γλµα,ν + ΓλσαΓσµν − ΓλσνΓσµα, Rµν = Rλµλν , R = gκλRκλ.(2)
According to Einstein [10], evolution of (M, g) is given by the field equations1
Rµν − 1
2
gµνR + Λgµν = 3Tµν , (3)
where Λ is cosmological constant, and Tµν is Matter stress-energy tensor. The
Einstein equations (3) can be received from the Hilbert dynamical action [11]
modified by the Hartle–Hawking boundary (∂M, h) action [12]
S[g] =
∫
M
d4x
√−g
{
−1
6
R +
Λ
3
+ L
}
− 1
3
∫
∂M
d3x
√
hK, (4)
where K is extrinsic curvature of (∂M, h), by the Palatini principle [13]
δS[g] = 0 which relates the Matter Lagrangian L with Tµν
Tµν =
2√−g
δ (
√−gL)
δgµν
. (5)
2.1 3+1 Dirac–ADM approach
By employing of the 3 + 1 Dirac–ADM decomposition [14, 15, 16]
gµν =
[ −N2 +N iNi Nj
Ni hij
]
, gµν =
[
−1/N2 N j/N2
N i/N2 hij −N iN j/N2
]
, (6)
where hij , N , Ni are embedding metric, lapse, shift functions, hikhkj = δ
j
i ,
N i = hijNj , the action (4) takes the Hamiltonian form
S[g] =
∫
dt
∫
∂M
d3x
{
πN˙ + πiN˙i + π
ij h˙ij −NH −NiH i
}
, (7)
1The units 8piG/3 = c = ~ = kB = 1 are used.
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where dot means t-differentiation, non vanishing conjugate momenta π’s are
πij = −
√
h
(
Kij − hijK) , (8)
and H , H i are defined as
H =
√
h
{
K2 −KijKij + (3)R − 2Λ− 6̺
}
, H i = −2πij;j , (9)
where (3)R = hijRij is scalar curvature of embedding and ̺ = nµnνTµν
is energy density related to normal vector field nµ = [1/N,−N i/N ] to a
spacelike hypersurface. The Gauss–Codazzi equations [17, 18, 19] determine
the extrinsic curvature tensor Kij and extrinsic scalar curvature K as
Kij =
1
2N
[
Ni|j +Nj|i − h˙ij
]
, K = TrKij , (10)
where stroke means intrinsic covariant differentiation. H i are diffeomor-
phisms x˜i = xi + δxi generators
i
[
hij ,
∫
∂M
Haδx
ad3x
]
= −hij,kδxk − hkjδxk,i − hikδxk,j , (11)
i
[
πij ,
∫
∂M
Haδx
ad3x
]
= − (πijδxk),k + πkjδxi ,k + πikδxj,k , (12)
where Hi = hijHj, and the DeWitt algebra [20]
i
[∫
∂M
Hδx1d
3x,
∫
∂M
Hδx2d
3x
]
=
∫
∂M
Ha (δx1,aδx2 − δx1δx2,a) d3x,(13)
i [Hi(x), Hj(y)] =
∫
∂M
Hac
a
ijd
3z, (14)
i [H(x), Hi(y)] = Hδ
(3)
,i (x, y), (15)
where caij are structure constants of diffeomorphism group
caij = δ
a
i δ
b
jδ
(3)
,b (x, z)δ
(3)(y, z)− δaj δbi δ(3),b (y, z)δ(3)(x, z) , (16)
is first-class type. Dirac’s primary constraints time-preservation [20, 21] leads
to the secondary constraints (scalar and vector)
π ≈ 0→ H ≈ 0, πi ≈ 0→ H i ≈ 0. (17)
Vector constraint merely reflects spatial diffeoinvariance, scalar constraint
gives dynamical information. Employing conjugate momenta (8) the scalar
constraint becomes the Einstein–Hamilton–Jacobi equation [22]–[71]
Gijklπ
ijπkl +
√
h
(
(3)R− 2Λ− 6̺) = 0, (18)
where Gijkl =
1
2
h−1/2 (hikhjl + hilhjk − hijhkl) is superspace metric.
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2.2 Quantum Geometrodynamics
Canonical quantization [14, 72] of the Hamiltonian constraint (18)
i
[
πij(x), hkl(y)
]
=
1
2
(
δikδ
j
l + δ
i
lδ
j
k
)
δ(3)(x, y), (19)
i
[
πi(x), Nj(y)
]
= δijδ
(3)(x, y), i [π(x), N(y)] = δ(3)(x, y), (20)
leads to the Wheeler–DeWitt equation [73, 20]{
−Gijkl δ
2
δhijδhkl
− h1/2 (−(3)R + 2Λ + 6̺)}Ψ[hij, φ] = 0, (21)
where φ are Matter fields. Other first class constraints
πΨ[hij , φ] = 0, π
iΨ[hij , φ] = 0, H
iΨ[hij , φ] = 0, (22)
merely reflects diffeoinvariance. The canonical commutation relations hold[
π(x), πi(y)
]
=
[
π(x), H i(y)
]
=
[
πi(x), Hj(y)
]
=
[
πi(x), H(y)
]
= 0. (23)
2.3 Global One–Dimensionality
Supposing that Matter fields and the wave function Ψ[hij , φ] are functionals
of embedding’s volume
Ψ[hij, φ]→ Ψ[h], h = det hij , (24)
and apply change of variables hij → det hij in the Wheeler–DeWitt operator
we obtain the Klein–Gordon–Fock type field equation for massive field Ψ(
δ2
δh2
+m2
)
Ψ = 0, m2 =
2
3h
(
(3)R− 2Λ− 6̺) , (25)
where m2 is the mass square of Ψ. Elementary dimensional reduction of (25)
leads to the Clifford algebra and the Dirac type equation{
Γ
a,Γb
}
= 2ηabI, ηab =
[ −1 0
0 0
]
,
(
iΓ~∂ −M
)
Φ = 0. (26)
Here Γ = [−iI,O] and we introduced notation
Φ =
[
Ψ
ΠΨ
]
, ~∂ =
[
δ
δh
0
]
, M =
[
0 1
−m2 0
]
≥ 0, (27)
where ΠΨ is conjugate momentum to Ψ obtained from action S[Ψ]
ΠΨ =
δS[Ψ]
δΨ
, S[Ψ] = −1
2
∫
δhΨ†
(
δ2
δh2
+m2
)
Ψ. (28)
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2.4 Field quantization
Field quantization of (26) according to bosonic relations [74, 75, 76]
i [ΠΨ[h
′],Ψ[h]] = δ(h′ − h), i [ΠΨ[h′],ΠΨ[h]] = 0, i [Ψ[h′],Ψ[h]] = 0,(29)
and the second quantization method [77, 78, 79] leads to the solution
Φ = QB, Q =
1√
2
[ |m|−1/2 |m|−1/2
−i|m|1/2 i|m|1/2
]
. (30)
Here B is a basis of creators G†[h] and annihilators G[h]
B =
{[
G[h]
G
†[h]
]
:
[
G[h′],G†[h]
]
= δ (h′ − h) , [G[h′],G[h]] = 0
}
. (31)
with dynamics determined by the system of equations
δB
δh
= LB, L =
 −im δδh ln
√|m|
δ
δh
ln
√|m| im
 . (32)
Assuming new basis B′ as compilation of the Bogoliubov transformation and
the Heisenberg equations
B
′ =
[
u v
v∗ u∗
]
B, |u|2 − |v|2 = 1, δB
′
δh
=
[ −iω 0
0 iω
]
B
′, (33)
where coefficients u, v and frequency ω are functionals of h, gives the Bo-
goliubov coefficients dynamics
δb
δh
= Lb, b =
[
u
v
]
, |u|2 − |v|2 = 1, (34)
and the new static basis B′ = BI with stable vacuum |0〉I
BI =
{[
GI
G
†
I
]
:
[
GI ,G
†
I
]
= 1, [GI ,GI ] = 0, GI |0〉I = 0
}
. (35)
Integration of (34) can be done in the superfluid parametrization
u = eiθ cosh φ, v = e−iθ sinh φ, θ = mI
∫ h
hI
δh′
λ′
, φ = − ln
√
|λ|, (36)
where λ =
mI
m
=
l
lI
scales sizes. By this reason we obtain finally
Φ = QGBI , G =
[
u∗ −v
−v∗ u
]
, (37)
where G is the inverted Bogoliubov transformation matrix.
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2.5 Quantum correlations
After quantization the equation (25) can be rewritten in the form(
δ2
δh2
+
m2I
λ2
)
Ψ = 0, (38)
and its solution can be red from (37)
Ψ =
λ
2
√
2mI
(
exp
{
−imI
∫ h
hI
δh′
λ′
}
GI + exp
{
imI
∫ h
hI
δh′
λ′
}
G
†
I
)
. (39)
It is sensible to consider the many-field states acting on the vacuum
|h, n〉 ≡ Ψn|0〉I =
(
λ
2
√
2mI
eiθ
)n
G
†n
I |0〉I , (40)
and determine the two-point quantum correlator 〈n′, h′|h, n〉. In the normal-
ization 〈1, hI |hI , 1〉 ≡ 1 the one-point correlator is fundamental
〈1, h|h, 1〉 = λ2. (41)
3 Macrostates thermodynamics
3.1 The Bose–Einstein gas
The main point of this paper is macrostates thermodynamics and its clas-
sical stable limit. Field quantization with the stable Bogoliubov vacuum
presented in the previous section allows to formulate formal thermodynam-
ics of macrostates. We will use here one-particle approximation only.
In the one-particle approximation the density operator is number of states
operator, which in static basis has a matrix D obtained in the Heisenberg–
Von Neumann picture
D = G†G = B†
[
1 0
0 0
]
B
† = B†I
[ |u|2 −uv
−u∗v∗ |v|2
]
BI ≡ B†IDBI . (42)
The number of states generated from the stable Bogoliubov vacuum is
ξ =
I〈0
∣∣G†G∣∣ 0〉I
I〈0|0〉I = |v|
2, (43)
and using of elementary linear algebra methods allows to compute formal
entropy
S = −Tr (D lnD)
TrD
=
8ξ(ξ + 1)
(2ξ + 1)2
− ln (2ξ + 1) . (44)
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Comparison of (44) with the Bose–Einstein gas entropy [80] leads to the
identification
2ξ + 1 = exp
U − µN
T
− 1, (45)
8ξ(ξ + 1)
(2ξ + 1)2
=
(
U − µN
T
) exp U − µN
T
exp
U − µN
T
− 1
, (46)
which fix averaged number of states as
N =
1
2ξ + 1
. (47)
Taking the correct Hamiltonian matrix H of the Bose–Einstein gas
H = B†I
m2 (|v|2 + |u|2) −muv
−mu∗v∗ m
2
(|v|2 + |u|2)
BI ≡ B†IHBI , (48)
One can compute internal energy and chemical potential according to stan-
dard rules
U =
TrDH
TrD
, µ =
δU
δN
. (49)
3.2 Classically stable Boltzmann gas limit
The second formula of (36) and the number of states (43) allow to establish
the relations for mass and size scales as well as for quantum correlations
m
mI
=
(√
ξ ±
√
ξ + 1
)2
, (50)
l
lI
=
1(√
ξ ±√ξ + 1)2 , (51)
〈1h|h1〉 = 1(√
ξ ±√ξ + 1)4 . (52)
These formulas for the classical Boltzmann gas limit ξ →∞ becomes
lim
ξ→∞
m
mI
=
{ ∞ , for +
0 , for –
(53)
lim
ξ→∞
l
lI
=
{
0 , for +
∞ , for – (54)
lim
ξ→∞
〈1h|h1〉 =
{
0 , for +
∞ , for – (55)
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So it is clear the the classically stable physical object is obtained for the sign
−. Computing for this case internal energy and temperature
U = mI
3ξ2 + 3ξ + 1
2ξ + 1
(√
ξ −
√
ξ + 1
)2
, (56)
T = mI
[
4ξ2 + 4ξ + 1− 3ξ
2 + 3ξ + 1√
ξ(ξ + 1)
(2ξ + 1)
]
3
(√
ξ −√ξ + 1)2
8ξ
,(57)
and using of the equipartition law according to the Boltzmann gas limit
U
T
=
8
3
ξ
2ξ + 1
4ξ2 + 4ξ + 1
3ξ2 + 3ξ + 1
− 2ξ + 1
3
√
ξ(ξ + 1)
, (58)
lim
ξ→∞
U
T
=
f
2
, (59)
leads to the number of thermodynamical degrees of freedom consistent with
General Relativity
f = 4. (60)
4 Conclusion
This article was devoted to presentation of the next result of the Global One–
Dimensionality model of Quantum General Relativity. There was recalled
the idea of the model that is global change of variables hij → det hij in the
Wheeler–DeWitt equation and demanding that the Matter fields as well as
effectively the Wheeler–DeWitt wave function are functionals of the global
dimension. The model reduces 6 wave functions connected to 6 independent
components of an embedding metric to 1 global wave function related to an
embedding volume.
There was presented macrostates thermodynamics and its classically sta-
ble limit. The Bose–Einstein gas model was employed for computation of
internal energy and temperature, and the Boltzmann gas limit was applied
for the case of classically stable object, that is l = ∞ in the size scales. In
result we have obtained the consistence with General Relativity - thermody-
namical degrees of freedom number for the object is f = 4, that lies in full
agreement with the fact that space-time coordinates xµ = (x0, x1, x2, x3) are
considered as the degrees of freedom.
9
By this reason the presented model expresses nontrivial relation between
the Einstein–Hilbert theory of the pseudo–Riemannian differentiable mani-
fold and thermodynamics of macrostates generated from the stable Bogoli-
ubov vacuuum, obtained by using the 3+1 ADM decomposition of space-time
metric and the Dirac–ADM canonical approach to General Relativity.
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